We propose a means to realize two-dimensional quasiperiodic structures by trapping atoms in an optical potential. The structures have eight-fold symmetry and are closely related to the wellknown quasiperiodic octagonal (Ammann-Beenker) tiling. We describe the geometrical properties of the structures obtained by tuning parameters of the system. We discuss some features of the corresponding tight-binding models, and experiments to probe quantum properties of this optical quasicrystal.
I. INTRODUCTION
In recent years, ultra-cold atoms in optical lattices have provided a way to experimentally realize tight-binding models for bosons or fermions. Tight-binding models, where particles are assumed to be well-described in terms of strongly localized atomic orbitals, are widely used in condensed matter physics, as they allow to study the electronic states in many types of structures, and help to gain a qualitative understanding of electronic band structure, predict phase transitions, investigate magnetism, etc. Unlike most solid state materials, cold atom systems can be devised for which the tight-binding model holds to a good approximation [1] , and for which the parameters of the models can be tuned. We will describe in this paper how one can use the optical potential due to four standing wave laser fields to realize a two dimensional quasiperiodic cold atom quasicrystal having an eight-fold symmetry which is closely related to the well-known octagonal or Ammann-Beenker tiling [2, 3] . We describe the structure and its properties, and the effective tightbinding model to describe fermions or bosons trapped in this optical quasicrystal. This type of system, if realized experimentally, should provide valuable insights into the quantum properties of quasicrystals. An interesting experiment would be to study the quantum dynamics of wave packets prepared at a given energy, as calculations in a number of quasiperiodic models show the possibility of anomalous (super)diffusion with exponents which depend on the initial position of the wave packet.
II. COLD ATOMS IN A QUASIPERIODIC OPTICAL POTENTIAL
We consider atoms trapped in a region where standing waves have been set up using four laser beams oriented at 45
• angles in the xy plane and with polarizations perpendicular to this plane. For the case of four standing waves, assuming they are all of equal amplitude, with different phase shifts φ n , the intensity is given
, where r = (x, y) and the four wave vectors are
with n = 1, .., 4. The dipole potential seen by an atom, V ( r), derives from the AC Stark shift of the atomic levels.
In the limit of large detuning δ = ω L − ω at (where ω L is the laser frequency and ω at is the atomic resonance frequency) the potential is given by
where V 0 ≈ 3πc 2 ΓI 0 /(8δω 3 at ), when the excited state width Γ ≪ |δ| [4] . The potential is thus proportional to the local intensity, and can be positive or negative depending on the sign of δ. The optical potential corresponding to Eq.2 is an instance of a quasiperiodic function, the theory of which goes back to H. Bohr [5] and A. Besicovitch [6] . Quasiperiodic potentials have been proposed before in the literature. A one dimensional bichromatic lattice was investigated by Deissler et al [7] , for interacting bosonic atoms. Quasiperiodic potentials in the plane were realized in [8] [9] [10] , to study effects of quasiperiodicity in cold atom gases and, incidentally, also in colloidal systems as in [11] . In this paper we provide the first explicit description of a quasiperiodic structure obtained using an optical potential, which we call an optical quasicrystal (OQ). This structure, in which atoms are separated by edges of a fixed length, is closely related to the standard octagonal tiling (OT) and its structure factor has an infinite set of Bragg peaks, as expected for a quasicrystal.
Eq.2 describes a complex intensity landscape of saddlepoints and local maxima of intensities 0 ≤ I ≤ I m ≡ 16|I 0 |. This choice of out-of-plane beam polarization implies a large intensity contrast between the maxima and minima, whereas taking in-plane polarizations would give a smaller contrast (I m ≈ 6.83|I 0 |) and therefore less well localized atoms. We now consider cold atoms confined to the xy plane via a harmonic trap in the z direction, and subjected to this potential. In the limit of a potential with strong variations, the atoms will be localized at certain sites providing the temperature is sufficiently low. In the case of a red-detuned lattice, δ < 0, these sites correspond to the local maxima of I( r). Depending on the temperature and on the number of available atoms ( the "filling" of the optical lattice) the occupied sites are thus those local maxima for which |I( r j )| ≥ I c where I c is a cut-off. As the value of cut-off approaches the maximum value 16|I 0 |, only the largest peaks (corresponding to the lowest energy states) are occupied, and the density of sites decreases. Fig.1 shows structures obtained for two particular choices of the cut-off. In each case, the figure shows the occupied sites, and links between them, forming the edges of a tiling. We will show that the four edge-vectors, r n , as illustrated in Fig.1a can be expressed in terms of the laser wavelength λ and the irrational number, α = 1 + √ 2, sometimes called the silver mean.
Figs.1 show that the patterns appearing in the optical system are very similar to those found in the standard octagonal tiling [12] , composed of squares and 45
• rhombuses. Patterns in the OT repeat quasiperiodically in space, and occur in eight equiprobable orientations. Its Fourier transform (structure factor) has perfect eightfold symmetry, and comprises a dense set of Dirac delta functions of different intensities, most of which are vanishingly small. An important property of the octagonal quasiperiodic tiling concerns its invariance under scale changes, called inflations/deflations, of tiles by the factor α. These properties are shared by the optical quasicrystal. In the following section, a number of geometrical properties are derived and explained in terms of a model in four dimensional space.
III. FOUR DIMENSIONAL MODEL FOR THE OPTICAL QUASICRYSTAL
The wave vectors of the laser beams, k n , can be regarded as projections in the xy plane of orthogonal fourdimensional vectors K n = K ε n , where ε n is an orthonormal basis set. The magnitude of each vector is K = √ 2k. It is well known that two dimensional lattices cannot possess eight-fold rotational symmetry. The four dimensional hypercubic lattice, Z 4 , however, does. The 4D space is, moreover, the direct sum of two orthogonal invariant planes P and P ′ , having an irrational orientation with respect to the standard basis. Introducing the two orthogonal projection operators π and π ′ = I − π, one can write R = ( r, r ′ ), where r = π( R) is the projection of a given point in P , and r ′ = π ′ ( R) is its projection in P ′ . One can choose orthogonal bases {e x , e y } in P and {e ′ x , e ′ y } in P where the projections e n = π(ε n ) and e ′ n = π ′ (ε n ) are shown in Fig. 2 . A given point R, written (R 1 , R 2 , R 3 , R 4 ) in the stan- dard 4d basis, can also be written ( r, r ′ ) = (x, y, x ′ , y ′ ) in the {e x , e y , e ′ x , e ′ y } bases of P (the "physical space" or xy plane, in which the atoms are located) and P ′ (the "perpendicular space" of the same system). These coordinates are related to the {R n } by a 4d rotation R:
r ′ by orthogonality of P and P ′ . Fiinally, we introduce the BCC lattice B obtained by adding the body centers to Z 4 . The four primitive lattice vectors of this BCC lattice, β n , project onto the set b n ,and b ′ n in P and P ′ shown in Fig. 2 . One sees that they are turned by angles of 3π/8 and π/8 with respect to the set e n and e ′ n , exactly what one sees in the tilings of Fig.1 .
The optical potential Eq.2 can be obtained from a 4d periodic function,
We let K n = ( k n , k ′ n ) with projections k n on P and k ′ n on P ′ . It is easy to see that V ( r) = V( r, 0). Notice that phases φ n in Eq.2 are equivalent to a global 4d translation τ in Eq.3, such that Kτ.ε n = φ n . Such translations yield OQ's belonging to the same "local isomorphism class" (same patterns of finite size with the same probability).
The maxima of V lie on the vertices of the BCC lattice ( √ 2π/k)B, and the condition V( R) ≤ V c defines domains centered on lattice points as shown in Fig.3 . If the cutoff V c = (I c /I 0 )V 0 is low enough, one can substitute the quadratic approximation V( R) ≈ V 0 (16 − 8k 2 ( r 2 + r ′2 )). The domains are then spheres of radius ρ such that 8k 2 ρ 2 = ∆V = V c − 16V 0 , while their projections on
One can get the 4d coordinates R of points r where V has a local minimum by using the inverse rotation R t . Such points are close to vertices of the body centered lattice, hence the connection with the octagonal tiling obtained by the cutand-project method, as discussed below. We note that the optical quasicrystal thus obtained is robust under small changes in V c . We turn next to the standard octagonal tiling. It is composed of all those points r, with R = (r, r ′ ), whose projections r ′ in P ′ fall within an octagonal window determined by the vectors b ′ n (see [12, 13] for the cut and project algorithm). The area of this selection window, shown in Fig.4 , is W = √ 2π 2 k 2 . We referred earlier to the inflation transformation of the octagonal tiling, whereby the edge length of the tiles in P increase by a factor α. It can be shown that, concomitantly, distances in P ′ are reduced by the same factor. Inflated octagonal tilings are therefore associated with selection windows which have an area of W/α 2p where p = 0, 1, 2, ... As V c is varied, and provided it is low enough, a relationship with an octagonal tiling is expected if the windows D ′ and W (up to inflation) are similar in area. We require that the areas of the domains be the same, ensuring that the areal density of points is the same in the two structures, and this gives the condition
For all values of V c which satisfy the condition Eq.4 one obtains a structure closely related to the standard octagonal tiling. The selection windows D ′ for different values of p are shown in Fig.4 , inside the octagonal selection window. The edges of the OQ have length ℓ = √ 2π k |b n |α p . The smallest edge length obtainable by the method corresponds to the case p = 1, when ℓ ≈ 3.81λ. The OQ of Fig.1 correspond to p = 2 and 3. Other values of the cutoff yield different structures, outside the scope of this paper.
IV. STRUCTURES AND EFFECTIVE TIGHT-BINDING MODELS
We now discuss the structure differences between the OT and the optical quasicrystal shown in Figs.4b) and 5a). The differences between the two can be explained by the difference in shape of the domains of acceptance in P ′ : an almost circular disk for the former, and an octagon (of equal area) for the latter. The coordination number z of any vertex of the OT is related to its position in P ′ , as shown in Fig. 4a) , where z = 8, 7, ...3 correspond to points of the domains indicated by the letters A,B,...F. When the windows of the OT and the OQ are overlapped, one sees that the differences arise in the peripheral region, namely the E and F domains. Thus, the OQ i) is missing some sites, whence the empty octagons and hexagons, and ii) it has some new sites which appear in close proximity to others, forming twin-pairs. Such pairs of sites are well-known in the literature on quasicrystals, as "phason-flip" conjugates [14] . Whereas in quasicrystals only one of the pair of sites is occupied, in the present case of the OQ, both sites are simultaneously occupied, leading to bonds that cross each other. These differences, which concern a small fraction of atomic positions, differentiate the OQ from the standard OT, which is a more homogeneous structure. Adding higher harmonics in Eq.2 would ensure a better overlap of windows and thus a better coincidence of the octagonal tiling and the optical quasicrystal. Alternatively this could be achieved by introducing repulsive interactions, which would tend to favor homogeneity.
At low temperature, atoms occupy the lowest energy state of their wells. In this limit one can appropriately describe the optical quasicrystal using a Wannier basis set, localized on the sites. As a first approximation, one can use the set of harmonic oscillator ground state wavefunctions, approximating the exact potential locally by harmonic oscillators. In this basis the diagonal matrix elements of the Hamiltonian are V i which have small local variations due to the intensity field and the harmonic trap potential confining the atoms. The off-diagonal elements, t ij = − i|H|j correspond to the amplitude of tunnelling between sites i and j.
The simplest noninteracting model of particles in the OQ is thus described by a hopping Hamiltonian of the form
where the operator a i (a † i ) annihilates(creates) a particle at site i of the OQ, and sites are labeled i, j = 1, ...N where N is the total number of lattice sites. In the kinetic term, it is sufficient to consider a small subset of hoppings between near neighbor sites i and j. In the OQ, the smallest distances are d s , the short diagonal of the rhombus, and ℓ, the edge. There is in addition a shorter distance, δ = ( √ 2 − 1)ℓ, between twin-pairs, but these are infrequent and can moreover be eliminated. The OQ differs from the OT in having regions of higher density (where twins occur) and of lower density (where empty hexagons and octagons occur). They result from imposing a rigid cutoff I c . If one assumes a smooth cutoff, and one turns on a weak repulsive interaction between atoms, these defects would be energetically unfavorable.
Consider now the optical quasicrystal for p = 1. Although details differ for each pair, there are strong similarities between the potential barriers seen by the atoms a) in the case of hopping across small diagonals, and b) of hopping along edges, as illustrated in Fig.6 . Based on a WKB approach, we expect, to first approximation, that the typical hopping amplitude for edges, t, should be smaller than the typical hopping amplitude t s for diagonal hops (as can be checked by numerically integrating the action along the two different pathways). It is useful to recall results for the hopping amplitude for the periodic case, where atoms are trapped in potential wells of height V due to a standing wave of wavelength λ. The hopping amplitude from one well to the other is ∝ exp(−cst V /E r ), where E r is the recoil energy,
. The prefactor, more difficult to determine, has been calculated, for example, in the case of a graphene-type structure [15, 16] , while for a more general case, a method is outlined in [17] . For the OQ for p = 2, we find that the situation is reversed: the tunnelling amplitude is larger for edge hopping, i.e. t s /t ≪ 1. The determination of the hopping amplitudes in the OQ for different p is left for future work.
One expects that the tight-binding models on the OT and on the OQ will share certain features since both are invariant under inflation. Results have been obtained Plots showing for several pairs the potential energy variation along edges (top) and across short diagonals (bottom) in the OQ for p = 1. Distances in units of λ.
for the OT spectrum and wavefunctions [18, 19] , for local densities of states [20] , energy level statistics [21] , for quantum dynamics [22, 23] , effect of Hubbard interaction [24] , and the Heisenberg spin limit [25, 26] . The optical quasicrystal is expected to share many of the properties found. Although the form of the density of states will be nonuniversal, other characteristics such as singular local response functions, multifractal spectrum and wavefunctions, anomalous diffusion, and self similar magnetic states should be found. In particular, in the cold atom quasicrystal, it should be possible to create a wavepacket in a specified initial state, study its subsequent mean square displacement r 2 ∼ t 2β with time and extract β. For the OT, when V i = 0, the exponent β is larger than 1 2 , which is the value for normal diffusion, and it is nonuniversal, depending, for example, on the initial position [22] .
V. SUMMARY AND DISCUSSION
We have discussed the 8-fold optical quasicrystal obtained by trapping atoms in the quasiperiodic potential landscape created by four standing laser waves. We have discussed the structures obtained for a particular series of values of the cutoff, and related them to the well-known octagonal tiling using a four dimensional description. By changing the laser intensity at a fixed temperature, one can pass from a given OQ to an "inflated" OQ of bigger edge length. The tight-binding approximation for such an optical quasicrystal was discussed qualitatively. One can expect that some of the experimental difficulties of realizing such an optical quasicrystal will concern laser alignment, phase stabilization and effective trapping of atoms. This optical quasicrystal would, if realized, provide an ideal system in which to study the quantum physics of quasiperiodic structures. It would be interesting, in particular, to experimentally observe the superdiffusion of wavepackets in the quasicrystal.
